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§ 1. 06m,He KOHCTpyKi^HH 

1. IlycTb r G Wj -1 ^, 1] — HeKOTopaa OTjiHHHaa ot Toac^ecTBeHHoro Hyjia HeoTpimaTejiBHas 
o6o6in,eHHaa (pymajna, ^onycKaiomaa npe^cTaBjieHHe b BH^e 



(VyG W}[0,1)) (r,y) = (r,l)- 



Ry' dx + 



r^e 3aflaHHas iiohth Bcio^y (pymojua R : [0, 1] — > [0, 1] Hey6BiBaeT. Cbjukcm c o6o6iu,eHHoii 

(pyHKU,Hefl r H IipOH3BOJIBHO (pHKCHpOBaHHOH yHHTapHOH MaTpHU,efi U G C 2X2 CpyHKU,HOHajIBHOe 

npocTpaHCTBo !D ri [/ BH^a 

® r ,u-{yeL 2 [0,l] : (Sue W*[0,1]) [u A G im(U - 1)] & fo(x) = «0R(a;))]}, 



HopMa KOToporo onpe^ejieHa b BH^e ||?/||s) r 



— ||w|| ^[0,1] • CTporo roBopa, npn btom o^hoh 
h toh >Ke (pyHKi^nii y G -^2(0, 1] MoryT oTBenaTB pa3JiHHHBie tohkh npocTpaHCTBa Q r ,u, H B 
^eiicTBHTejiBHocTH TOHKa yKa3aHHoro npocTpaHCTBa onpe^ejiaeTca BcnoMoraTejiBHoft cpyHK- 
u;Hefi u G WjIPjI]- ^epes uA Mhl , cjie,nya |1|, (7.50)], o6o3HaHaeM cB33aHHBifl c (pymajneii 
u G W\ [0, 1] BeKTop rpaHHiHBix 3HaHeHHii 



u 



_ MO) 



ul) 



TpiiBnajiBHBie HepaBeHCTBa 



f 

■Jo 



fy-zdx 



^ ||/||li[o,i] • ||2/IU«,[o,i] • lklUoo[o,i] 



r^e C — HexoTopaa nojioJKHTejiBHaa nocrosHHaa, noKa3BiBaiOT, hto Kaacflaa cpyHKi^mi / G 
L\[0, 1] Mo>KeT 6biTB paccMOTpeHa b KanecTBe orpaHiineHHoro onepaTopa yMHoxcemiH, oto6- 
pa>Kaioiri;ero npocTpaHCTBo Q r y b ^BoiicTBeHHoe k HeMy npocTpaHCTBo 3)*^. IIojiHaa: Henpe- 

pBIBHOCTB BJIOJKeHHH IipOCTpaHCTBa W^O, 1] B IipOCTpaHCTBO C[0, 1] TapaHTHpyeT npH 3TOM 

nojiHyio HenpepBiBHOCTB Taxoro MyjibTHnjiHKaTopa. 

Hepe3 DJl ri u mm ^ajiee 6yn,eM o6o3HaHaTB npocTpaHCTBo MyjiBTHnjiHKaTopoB, nanynaeMoe 
3aMBiKaHH6M , oTHocHTejiBHo paBHOMepHoft onepaTopHoii TonojiorHH, Kjiacca oTo6paacaioiii;Hx 



Pa6oTa no^epxaHa POOH, rpatrr N°- 10-01-00483. 
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T) r ,u B one P aTO P OB yMHOJKeHHH Ha cyMMiipyeMKie cpyHKu,HH. B cBeTe BbiinecKa3aHHoro, 
bchkhh Myjit>TiinjiiiKaTop / G %ft r ,u HBjineTCH BnojiHe HenpepbiBHbiM. 

1.1. BcsiKasi 3adaHnasi na ompe3Ke [0,1] KOHeunaH 6opeAeecKan Mepa f , ne uMemv^asi c 
Mepou r o6ui ) ux amoMoe, npunadAecHcum npocmpaHcmey %Jl rj u- 

^OKa3aTejibCTBo. 3a(pHKcnpyeM npoH3BOJiBHoe sHaneHiie e > h nocTaBHM eMy b 
cooTBeTCTBiie Taxoe pa36neHHe 

< Cl < C 2 < • • • < Cn < 1 

OTpe3Ka [0, 1] TOHKaMH HenpepbiBHocTH KajK^ofi H3 Mep / nr, hto npii jiioGom BBiGope HH^exca 
k G {0, . . . , n} BBinojiHHeTCH xoth 6bi o^ho H3 HepaBeHCTB 



rCk+i 

/ fdx<e 3 hjih R\f k +1 



3jj;ecb Hcnojib30BaHbi o6o3HaHeHHH (o ^ h Cn+i ^ 1- Pa3o6beM cncTeMy BceB03Mo>KHbix 
HHjj;eKcoB k G {0, . . . , n} Ha ppe ncflCHCTeMbi T h f Tax, hto npnpameHHe cpyHKi^HH R Ha 
JH060M OTpe3Ke [Cfei Ca;+i] n P H k G T MHHopnpyeT 2e 2 , a npn kef — MaacopHpyeT e 2 . Hhcjio 
sjieMeHTOB Ha6opa T npn stom c oHeBHjj;HocTbio He mojkct npeBocxcflHTb e~ 2 . HaKOHen;, BBe,neM 
b paccMOTpeHHe CTyneHHaTyio (pyHKi^Hio f e BHjj;a 



feer 



Cfe+i - C* Jc k 



Cfc+i 



rjj;e nepe3 \a o6o3HaneH HHjj^HKaTop npoMexcyTKa A. Hecjio>KHbie BbiHHCJieHHH noKa3biBaiOT, 
hto Torjj;a jj;jih jhoGbix ,HByx tohck pz ejj^HHHHHoro niapa npocTpaHCTBa S) r ,c/ bbiiiojihhiotch 

COOTHOHieHHJI 



fy-zdx- f £ y-zdx 



-1 



CfcH 



f dx 



C 2 + AC- fdx 



r^e C — HeKOTopan nojiojKHTejibHaH nocToaHHaa. IIpoH3BOJibHocTb Bbi6opa 3HaHeHHH e > 
osHanaeT noTOMy HCKOMyio bo3mojkhoctb npe,ncTaBHTb Mepy / b BHjj;e MyjiBTiinjiHKaTopa 113 
npocTpaHCTBa DJi^u- □ 

2. 3a(pHKcnpyeM jj;onojiHHTejibHO k o6o6in;eHHOH (pyHKi^nii r h MaTpnije [/ napy caMoco- 
npjiJKeHHbix MyjiBTiinjiiiKaTopoB q,p G 97l rj t/. OopMajibHaa rpaHHHHaa 3a^aHa 



(1) 
(2) 



+ qy = Apy, 



(?7 - l)y v + i(Z7 + l)s/ A = 0, 
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r,n;e nepe3 y A h y y , cjie^ya [T|, (7.50)], o6o3HaHeHL»i — TaKsce cpopMajibHbie — BeKTopbi rpaHHH- 
hbix 3HaHeHHii 

flonycxaeT noHHMamie b Bime cneKTpajibHoft 3a^;aHH ^jis jiHHeiiHoro nynxa %,u,q,p orpaHHieH- 
hbix onepaTopoB, oTo6pa>Kaioiri;Hx Q rj u b D* v corjiacHo npaBHjiy 

1 f l - 

(%,u,q,p( X )y^ z ) = 7 — 7T / u ' v ' dx + {[q- Xp] -y,z) + (Vu A , v A } C 2, 

V > L ) JO 

r^e nepe3 u, v G H-^fO, 1] oGcoHaHeHbi cpyHKijiiii Bima y = uoRw_z = voR, & VE C 2x2 - 
caMoconpajKeHHaa MaTpiiija co cbohctbom V(U — 1) = —i(U + 1). B cjiynae cyMMHpyeMbix r, q 
h p jierKO npoBepaeTca corjiacoBaHHOCTb, b CMbicjie coBna^;eHH3 coGcTBeHHbix 3HaHeHHH h co6- 
CTBeHHBix cpyHKu,HH, Taxoro iiohhm amis sa^a^H |[T}], [[2j] c KjiaccHHecKHM [[E], ,U,o6aBjieHHe] , p], 
En. 8]. BjiH3KHe k yKa3aimoMy — xoth cpopiviyjiiipyeMbie b hhmx TepMHHax — iiohhm amis pac- 
CMaTpHBa6MOH 3a^aHH b cjiynae, Kor^a KcecpcpimiieHTbi q h p hbjihiotch MepaMH hjih 3apa,a,aMii 
(c HeKOTopbiMH ^onojiHHTejibHbiMH orpaHHHemiHMii) , MoryT 6biTb Hafi^eHbi b pa6oTax |3|, HQ. 
^jia cjiynaa paBHOMepHo nojio>KHTejibHoii r G L^O, 1] H^eHTHHHaa paccMOTpeHHoft TpaKTOBKa 
sa^aHH [TJ], |[2]] BBe,n;eHa b pa6oTax |5|, §| . 



Hb nojiHofi HenpepbiBHOCTH MyjibTHnjiHKaTopa p HeMe^jieHHO BbiTexaeT cjie^yiomnfi cpaKT. 

2.1. Ecau pe30Jib6eHmHoe MHOOicecmeo nyHKa %.u, q , P nenycmo, mo cnenmp amoso nynna 
neAsiemcsi ducKpemnuM. 

PesojibBeHTHoe mhojkgctbo nynxa %,u,q,p MoxceT 0Ka3aTbCH nycTbiM, ecjiH Bee p npe^cTaBjia- 
eT coGoii jiimeiiiiyio KOM6nHan;iiio ^ejibra-cpyiiKijiiH, HocHTejiH KOTopbix cocpe^oTOHeHbi BHyTpH 
MHOJKe ctb a Hyjielt HeTpHBHajibHoft (pyHKii;iiii y G ker T rt u,q,p{Q) ■ 

OGosHaHHM Tenepb Hepe3 W^j/fO, 1] no^npocTpaHCTBo 

Wlu[0, 1H{«6 Wi[0, 1] : u A G im{U - 1)} 

h BBe^eM b paccMOTpeime HSOMeTpHHecKyio 6neKii;iiio J r jj : W^^fO, 1] — > D ri u, nepeBo^aiuyio 
BCHKyio cpyHKii;Hio u G W2E/IP> 1] B cooTBeTCTByiomyio (pymajnio y — u o R. HMeeT MecTO 
cjie^yiomnfl cpaKT. 

2.2. Kaicoe 6u hu 6uji MyjibmuruiuKamop f G < 0Jt r ,u, onepamop J* v fJ r ^u maKoice siejisiem- 
ch MyjihmunjiuKamopoM U3 npocmpaHcmea W^ulO, 1] e npocmpaHcmeo W 2 _ ^[0, 1] — mo ecmt> 
donyenaem npedcmaeAenue e eude paenoMepnoao npedejia onepamopoe yMHOotcemiR na nenpe- 
puenue cf)yHK'u ) uu. 

^OKa3aTejibCTBo. BBH^y xapaKTepa onpe^ejieHHsi npocTpaHCTBa Wl r ,u, AOCTaTOHHo 
upoBepiiTb cnpaBe^jiHBOCTb yTBepac^eHHa b cjiynae / G Li[0, 1]. B stom cjiynae OTo6pa>Ke- 
HHe 



u ^ / f ■ (u o R) dx 
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HBjiaeTca orpaHHneHHbiM (pymcuHOHajioM Ha npocTpaHCTBe W^O, 1], a noTOMy ^onycxaeT 3a- 
nncb b BH,n;e «4 (g, u) c HeKOTopoii g G W 2 _1 [0,1]. nocjiefl hhh oGoGmeHHas: cpyHKuna xax pa3 
h npe^cTaBjiaeT coGofi hckombih MyjibTHnjiHKaTop. □ 

3aMeTHM, hto MyjibTHnjiHKaTop J*jjj \J r ,u-i OTBenaiomHH cyMMHpyeMoft (h flaace HenpepbiB- 
hoh) cpyHKHHH /, MoaceT, BooGme roBopa, OKa3aTbC2 CHHryrrapHKiM. HanpHMep, b cjiynae, Kor^a 
R — KaHTopoBa jiecrmma, a / — HH^HKaTop oTpe3Ka [2/5,3/5], MyjibTHnjiHKaTop J*jjfJ rj u 
npeflCTaBjiaeT co6ofi ^ejibTa-cpyHKumo (1/5) • di/ 2 . 

YTBepjK^eHHe ^72] 03HaHaeT, hto onepaTopt.1 7~ r> u,q, P (X) ^ J* uTr,u,q,pW Jr,u AonycKaioT 
npe^cTaBjieHHe 

1 



{%,u,q,p{X)u,v) = j—tt / u'v'dx + ([q - Xp] -u,v) + (1/m a ,/} C 2, 

r^e q h p cyTb MyjibTHnjiHKaTopt.1 J*jjqJ r .u H J*uP^r,Ui cooTBeTCTBeHHo. OneBH^Hbifl cpaKT 
coBna^eHHa cneKTpoB nyHKOB 7~ r ,u,q,p H %,u,q,p npHBO^HT k cjie^yromeMy yTBep>K^;eHHio. 

2.3. Tlycmb 21 — Henomopoe nanpaeJitHHoe MHootcecmeo, u nycmb napa,Mempu3oeaHHue ezo 
3AeMeHmaMU nanpaejieHHOcmu {r a } a( z%, {U a } a ^ ; {q a }a& u {Pa}a& o6Aadamm CAedymu^UMU 
ceoucmeaMu: 

1°. HanpaeAeHHOcmb {r a } ae gt UMeem nempueuaAbHUU npedeA r G [0, 1]. 

2°. HanpaeAeHHOcmb {U a } a( z% UMeem npedeA U, npuueM ne3aeucuM0 om eu6opa 3HaueHUH 

a G 21 eunoAHttemca paeencmeo im(U a — 1) = im(C7 — 1). 
3°. HanpaeAenHocmu {q a } a & u {Pa}a& o6Aadawm npedeAaMU J*uqJ r ,u u J*uP^r,u, c °- 

omeemcmeeHHO. 

Tosda e cAyuae nenycmomu pesoAbeenmnozo MHoatcecmea npedeAbnoso nynna T r ,u,q,p cneKmpu 
nyHKoe T ra ,u a ,q a ,p a cmpejusimcji k cnenmpy nyuKa %.u,q,p KaK KOMnanmu na cdjepe Pujuana. 

^eftcTBHTejibHO, cneKTp jiio6oro jiHHeiiHoro nynxa T(A) = A + XB, r^e A orpaHHHeHHO 
o6paTHM, a B — BnojiHe HenpepbraeH, kmqgt bh,h 

{A G C : A" 1 G a(-A^B)}. 



C yneTOM 3Toro o6cT03TejibCTBa, yTBep>K^;eHHe |2.3| HeMe^jieHHo BBiTeKaeT H3 xopoino H3Becr- 
Horo |7|, Di. IV, § 3] cpaKTa cxo^hmocth cneKTpoB cxoflamnxca: b CMbicjie paBHOMepHofi onepa- 
TopHoii TonojiorHH HanpaBjieHHOCTeft BnojiHe Henpept.iBHt.ix onepaTopoB. 

3. ripe^nojiojKHM Tenept, hto MyjitTHnjiHKaTop p HeoTpHHaTejieH , h hto Haii^eTCH 3Hane- 
HHe £ G IR, KOTopoMy oTBenaeT nojiojKHTejibHbiH onepaTop % t u,q,p{Q ■ B stom cjiynae nynxy 
%,u,q,p Mo>KeT 6biTb nocTaBjieH b cooTBeTCTBHe nojiyorpaHHHeHHbiii caMoconpajKeHHbiii onepa- 
Top C T ,u,q,p B npocTpaHCTBe !fir,u,pi nojiynaeMOM nonojiHeHHeM npocTpaHCTBa D r ^ no Hopivie 



\\y\\sj r ,u, P — V(py>v)- 

^eiicTBHTejibHO, o6o3HaHHM nepe3 X : D r< u — > S) T ,u,p BnojiHe HenpepbiBHbin (BBH^y nojiHoft 
HenpepbiBHOCTH MyjibTHnjiHKaTopa p) onepaTop njioTHoro Bjio>KeHHH, a nepe3 X* : $) r ,u,p ~* 2^* u 
— conpjDKeHHbiii k HeMy. HMeeT MecTo cjieflyiomHH cpaKT. 
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3.1. IJpu cdeACLHtiux e Hacmosmj^tM nyHKme npednoAocnceHUSix cyv^ecmeyem u odno3HaHHO 
onpedeAen ozpanuHeHHUU CHU3y caMoconpsiotceHHUU onepamop £ r ,[/,g,p c enoAne Henpepuenou 
pe30AbeeHmou 

(3) TZ(X)=X-[%,u,q,p^T 1 ^- 



/JoKa3aTejibCTBO. IIpoBepHM BbinojiHeHHe TOJK^ecTBa THjitGepTa: 

A — /i 

A — \i 

K(X) - K(ji) 
X — \i 

/Ianee, npoBepuM TpuBnajiBHocTB H/xpa cHMMeTpHnecKoro onepaTopa 7£(£). IlycTB BeKTop / G 
fir,u,p TaKOB, hto 1l(£)f = 0. Torjj;a HattfleTca BeKTop z G D r ,u Taxofi, htoXz = h %,u,q,p(O z = 
X* f ' . PaBeHCTBa 

= (f,Tz) 

= (r /, *> 

= (%,U,q,p(0 Z i Z ) 

BMecTe c cpaKTOM nojio>KHTejiBHocTH onepaTopa %,u,q,p(£) o3HanaioT Torjj,a BBinojmeHHe pa- 
BeHCTBa z = 0. IIocjie^Hee ace, BBH/xy oGycjioBjieHHoro njioTHocTBio BjioaceHHH D Ty u b $j rj u,p 
cooTHouieHHa kerX* = {0}, o3HanaeT BBinojiHeHHe paBeHCTBa / = 0. HaKOHen,, jik»6oh 
co6cTBeHHofi napBi {A, y} nynita % t u,q,p BBinojiHHeTca paBeHCTBo 

%,u,q,p(Qy = (a - O x *!yi 

03Hanaioiii;ee Taioice BBinojiHeHHe cooTHonieHHH Xy 7^ h Xy = (A — £)TZ(£)Ty. B stom cjrynae, 
oneBH/xiio, HMeeM G dom C r ,u,q,p H 

C r ,u,q,pZy = (A - ■ (£r,r/ lW » - K{£)Xy + £Xy 
= (A-0Xy + ^ 
= AXy, 

hto 03HaHaeT npuHafljieacHocTt tohkh A G C cneicrpy onepaTopa C r> u,q, p - D 

yTBep>Kjj,eHHe |3J] no3BOjiHeT, b nacTHOCTH, TpnBHajiBHBiM o6pa30M nepedpopMyjinpoBaTB 
ycTaHOBjieHHBie paHee (paKTBi o cneKTpajiBHBix cBoilcTBax nynxa T r ,u,q,p H & 23biKe cneKTpajiB- 
hbix cbohctb caMoconpn^KeHHoro onepaTopa C r ,u,q,p- 
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4. B cjiynae, Kor,n;a q ^ 0, a HociiTejib Mepbi p co^;ep>KHT o6e rpaHHHHbie tohkh Oil, 
onepaTopt.1 % J u,q,p(^) 3aBe^;oMo nojiojKHTejibHbi npn A — > — oo. CooTBeTCTBeHHo, b TaxoM cjiy- 
nae nocTpoeHne caMoconpaaceHHoro onepaTopa £ r ,u,q,p Ha ocHOBe pe3yjibTaTOB npe^rbyryiHero 
nyHKTa aBTOMaTHHecKH 0Ka3biBaeTca: bbiiio jihhmbim . 



3jieMeHTapHBiii aHajiH3 ^oxasaTejiBCTBa yTBep:>K,n;eHH5i |37y noKa3BiBaeT, hto ^jih cymecTBo- 
BaHHH ^eftcTByiomero b npocTpaHCTBe $) r ,u,p caMoconpHaceHHoro onepaTopa c pe30JibBeHTofi [3] 
b ^eitcTBHTejiBHocTH ^ocTaTOHHo iijiothocth o6pa3a yKa3aHHoii pe30jiBBeHTBi . Tax, b cjiynae 
3a^aHH c K03(p(pHn;HeHTaMH r = 1, q = — 7ir 2 , p = $2/5 + 63/5 h MaTpim,eft rpaHHiHBix ycno- 
bhh ^Hpnxjie U = 1 onepaTop % t u,q,p(Q He aBjiseTCH nojio>KHTejiBHbiM hh npn KaKOM BBi6ope 
3HaHeHH5i £ G M, o,zrHaKo pesojiBBeHTa [[3j] Bee ace oTBenaeT HeKOTopoMy caMoconpajKeHHOMy 
onepaTopy. 

Bo3MO>KHa, oflHaKO, h CHTyairna, npn KOTopofi s,n,po pe30JibBeHTBi |[3j] OKa3biBaeTca HeTpn- 
BnajiBHBiM . IIpuMepoM 3^;ecb MoaceT cjiyjKHTB 3a^aHa, OTBeHaromaa KoscpcpiiuiieHTaM r = 1, 
q = — 257r 2 /4, p = S2/5 + ^3/5 h MaTpHue rpaHHHHbix ycjioBHfl JXwpwxjie U = 1. IlpocTaa 
npoBepxa noKa3biBaeT, hto b stom cjiynae pesojiBBeHTa |[3j] HBjiaeTCH TOJK^ecTBeHHo HyjieBoii. 



§ 2. Cjiynait K03{p4>Hu,HeHTOB c caMono^,o6HMMH nepBOo6pa3HbiMH 

1. B HacTOHiu;eM naparpacpe Mbi HaMepeHbi wsynnTb acHMnTOTHHecKoe noBe^eHHe cnex- 
Tpa 3a^,aHH |§1(1 )| , |§ 1 (2)| b cjiynae, Kor^a r ecTb BepojiTHocTHaji HenpepbiBHaa: caMono,n,o6Haa: 



Mepa, q = 0, a p — o6o6in;eHHaa: npoH3BO^Ha5i HeKOTopoii caMono^o6Hoii (pyHKUHii P. Ochob- 
hmm pa6oHHM HHCTpyMeHTOM npn 3tom 6yn;eT BbicTynaTb onHcaHHaa b |§ 1.2| H30MeTpna ^T r ,u, 



no3BOjiaioiri;a2 CBecTH paccMaTpHBaeMyio sa^any k sa^ane 06 o6biHHofi caMono^;o6Hoii CTpyHe, 



H3yHaBineilc5i b pa6oTax [|8Hl2 



2. PaccMOTpHM CHanajia cjiynafl, Kor^a r ecTb o6o6m;eHHaH npoH3BO^Ha3 HenpepbiBHofi 
HeyGbmaiomeii caMono^o6Hofi (pyHKUHii R c napaMeTpaMH caMono^o6HH N > 1, {ai}^, {di}^ 
r Pi = ^2 k<i dk (cm. |9|, |i~3| ). ITpn 3tom ecTecTBeHHbiM o6pa3QM npe^nojiaraeTca BbinojmeHHe 



paBeHCTB 

N N 
i=l i=l 

CaMono^o6He o6o6meHHOH nepBoo6pa3Hoii P G 1]; r) KoacpcpHi^neHTa p, to ecTb <pyHK- 

n;HH CO CBOHCTBOM 

(1) (Vu G W^fO, 1]) (p,uoR) = - f P- (u oR)dR+ Pu\\ , 

Jo 

Mbi ^ajiee 6y^eM cHHTaTb corjiacoBaHHbiM c caMono^oGneM (pyHKi^HH i? b tom cMbicjie, hto 
napaMeTpbi N h {ai}^ o6enx cpyHKi^iiH hbjthiotch o6iu;hmh. ^Jia nponnx napaMeTpoB caMO- 
no^o6HH (pyHKi^iiH P mm 6yn,eM Hcnojib30BaTb oGosHaneHHa {c?^}^ 1 h {/^j^. 

CTaH^apTHbiM o6pa30M (cp. |13|| ) Ha ochobc npHHu;Hna oKiiMaiomux oTo6pa>KeHHH ycTa- 
HaBjiHBaeTca cnpaBe^jiHBOCTb cjieflyiomero npocroro yTBepxcfleHHH. 



6 



2.1. OyuKuun P G L 2 ([0, 1]; r) c napaMempciMu caMonodo6uA N , {ai\f =l , {c^}^ u {/3^}^ x 
cymecmeyem u odno3nanno onpedejiena, ecAu eunoAneno nepaeencmeo 



N 



< 1. 



1=1 



IIocTpoeHHaa Ha ocHOBe caMono^o6Hoii cpyHKUHii P h npoH3BOJiBHO (pHKCiipoBaHHoft napBi 
«rpaHHHHBix 3HaHeHHli» P(0) h -P(l) no npaBHjiy K 1 )| o6o6meHHa3 cpyHKuiia: p oieBH,n;HBiM o6pa- 

30M npHHa^JieJKHT IipOCTpaHCTBy ffll rj jj He3aBHCHMO OT BBl6opa MaTpHUBI rpaHHIHBIX yCJIOBHH 

U. CooTBeTCTByiomaH o6o6meHHaa: cpyHKUHii p G W 2 _1 [0, 1] npn stom, kbr jierKO bbibo^htc5I 
H3 [TJ ,n,oriycKaeT npe^cTaBjieHHe b Bime 

(Vw G W 2 [0, 1]) (p, u) = - / P -u'dx + Pu\l , 

Jo 



i M 



r^e P — KBa^paTHHHO cyMMHpyeMas caMono^o6Haa cpyHKuns c napaMeTpaMH M, {di 3 -}j = i, 
h {/S^}^!- Hepe3 M 3p<ecb o6o3HaHeHo hhcjio otjihhhbix ot Hyna: sjieMeHTOB Ha6opa 
{di\f =1 , a nepe3 ij — HyMepyromne sth sjieMeHTbi hh^ckcbi. 



YTBepjKfleHHH 06 acHMnTOTHHecKHX CBoficTBax cneKTpa 3a^anH |§ 1 (1 



1 (2)| C KOSCpCpH- 

nHeHTaMH paccMaTpHBaeMoro BH^a TenepB HeMefljieimo bbibo^2tc3 H3 H3BecTHBix [|8|-[T2|| cneK- 
TpajiBHBix cbohctb Taxoro po^a 3a^,an c r = 1. 

2.2. J9], Teopeivia 4.2] lYycmb na6op {c^rf-}^ codepotcum ne Menee deyx otuauhhux om 
nyAsi SAeMenmoe, u nycmt v > — nau6oAbuiuu o6m,uu deAumeAb KOHeunux SAeMenmoe 
na6opa {— hx(di |dj|)}£Li, npuueM Oasi nenomoposo undenca k G {1, . . . , N} eunoAHMemcM odno 
U3 cjiedywuiAix ycAoeuil: 

1°. CnpaeedAueo Hepaeencmeo d' k > 0, a eeAununa — v~ x ln(c4 \d' k \) neuemna. 
2°. CnpaeedAueo Hepaeencmeo d' k < 0, a eeAununa — v~ l ln(d k \d' k \) nemna. 

Ylycmu manatee eeAununa D > ydoeAemeopaem ypaenenuw 



N 



(2) 



J>K|)° = i. 



i=i 



Tozda cHumawuuAjLe diynKyuu N± co6cmeennux 3nanenuu 3adanu § 1 (1)| , |§ 1 (2) 
A ±oo acuMnmomuKU 



UMetom npu 



(3) 



N ± (A) = S± (ln|A|)-|A| D - [l + o(l)] 



8<?e s± — nenpepuenue v -nepuodunecnue qiynnuxLU. B CAynae, Kosda xomsi 6u npu odnoM k G 
{1, . . . , iV} eunoAHfiemcsi Hepaeencmeo d' k < 0, CnpaeedAueo mootcdecmeo s_(x) = s+(x). 

2.3. [ |10| , TeopeMa 4.1] Piycmb na6op {did^f^ codepweum ne Menee deyx omAuunux om 
nyAsi 3AeMenmoe, u nycmt v > — nau6oAbuiuu o6m,uu deAumeAb Koneunux SAeMenmoe 
na6opa {— ln(<ij Tlycmb manotce dAR ak>6o20 k G {1,...,N} co ceoucmeoM d' k > 
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djifi ak>6ozo k G {1,...,N} co ceoucmeoM d' k < 



1(2 



eeAununa — ln(c4. \d' k \) uemna, a 

nenemna. Toeda 3ah cuumamu^ux qoynKv^uu N-t co6cmeeHHux 3ncmenuu 3adauu |§ 1 (1 
npu A — > ±oo cnpaeedAueu acuMnmomuKu |(3)| , sde D > ecmb peuienue ypaenenusi [2j| , a s± 
- nenpepuenue 2v -nepuoduuecKue qiynKu^iu co ceoucmeoM = — v). 

2.4. [ |10| , TeopeMa 4.2] IJycmb na6op {did'^f^ codepcncum nc Menee deyx ouiauhhux om 
nyAji 3AeMenmoe, npuueM KOHeunue 3AeMenmu naGopa {— ln(<ij ne uMewm o6iu,ezo 



deAumeAH. Tozda dASL cuumamu^ux tpynKu,uu N± co6cmeeHHUx 3nanenuu 3adanu 1 1 ( 1 )| , 1 1 (2 



npu A ±oo cnpaeedAueu acuMnmomuKu |(3)| , gcte .D > ecmb peiuenue ypaenenun [{2j, a s± 
- nocmoftHHue d)ynKu,uu. B cjiyuae, Koeda xomn 6u npu odnoM k G {1, . . . , iV} eunoAHHemcsi 
nepaeencmeo d' k < 0, cnpaeedAueo paeencmeo s_ = s + . 

2.5. ||11| , TeopeMbi 4.1 h 4.2] IJycmb na6op {did'i\f =1 codepcncum poeno odun omAuunuu om 
nyAH 3AeMenm d m d' m > 0. IJycmb maKotce Kaotcdasi U3 mouen Mnocncecmea {R(a m ), -R(a m+ i)}fl 
(0, 1) fieASiemcfi moHKOu pa3puea <pynKU,uuP. IJycmb, naKoneu,, Z + ecmb hucao moueK G 
(0,1), e Komopux ckcluok gjyuKi^uu P noAootcumeAen, a Z_ — hucao anaAozuunux mouen, e 
Komopux yKa3a,HHUu ckclhok ompuu^ameAen. Tozda cyu^ecmeytom manue eeuyecmeennue nucAa 
H±,i > 0, zde I G {1, . . . , Z ± }, umo co6cmeeHnue 3naHenuH 3adanu |§ 1 ( 1 ' 
k — > oo acuMnmomuKu 



TT2 



UMewm npu 



A±(«+fcz±) — i/^i,/ " (d m d' n 



o(l)]. 



2.6. ||1 1| , TeopeMa 4.3] lYycmt na6op {c^rf-}^ codepcncum poeno odun omAuunuu om nyASL 
3AeMenm d m d' m < 0. IJycmb manatee Kacncdasi U3 moueK Mnocncecmea {R(a m ), R(a m+ i)}r\(0, 1) 
H6Asiemcsi mouKou pa3puea qiynKVAiu P. IJycmb, naKoneu,, Z + ecmb hucao monen i?(ctj) G 
(0,1), e Komopux ckcluok d)ynKiL,uu P noAootcumeAen, a Z_ — hucao anaAozuunux mouen, e 
Komopux yKa3annuu ckclhok ompuu^ameAen. Tozda cyu^ecmeytom maKue eeuipcmeennue hucacl 
Hi > 0, zde I G {1,...,Z + + Z_}, nmo co6cmeennue 3nanenusL 3adauu § 1 (1)| , |§ 1 (2)| UMewm 
npu k — y oo acuMnmomuKu 

Az +fc{ z ++ z_) = Hi ■ (-d m d' m y 2k ■ [1 + o(l)], 
^-(i+fez++(fc+i)z_) = ~V>i ■ {-d m d' m y 2k ~ l ■ [1 + o(l)]. 

3. IlycTb Tenept o6e (pyHKi^HH Rm P HenpepbiBHM, o^Haxo nepBaa H3 hhx HMeeT HecKOJibKO 
6ojiee o6iu;Hii BHfl, neM paHee. A hmchho, nycTb Hafl^eTCH 3aMKHyToe no^MHOJKecTBo A C [0, 1], 

flJIS KOTOpOrO He3aBHCHMO OT Bbl6opa HH^eKCa % G {1, . . . , N} BBinOJIHHeTCH TOJK^eCTBO 

dR = di ■ R(x). 

cti,oti+aix\C\A 

3^;ecb BBe^eHO oGosHaneHHe a.i ^ Z^k<i a k- Ko3(pcpHn;HeHTbi di npn stom OHeBH^HbiM o6pa30M 

flOJIJKHBI riO^HHHHTBCa yCJIOBHK) 

N 

^2di = 



i=l 



KoscpcpHnneHTbi caMono^oGna N h {a{\f =1 (pyHKHHH P no-npe:>KHeMy npe^nojiaraioTca coBna- 
^aiomHMH c aHajiorHHHbiMH KoscpcpHirneHTaMH noHTH caMono^oGna cpyHKHHH R. KpoMe Toro, 
mm 6yn;eM npe^nojiaraTt., hto fljia bchkoto i G {1, . . . , N} co cbohctbom d\ 7^ BbinojiHaeTCH 
TaKJKe HepaBeHCTBo <ij 7^ 0. 

CiiTyaijHs H3 npe^Bi^ymero nyHKTa oTBenaeT paBeHCTBy A = [0, 1]. 

IIpH c^ejiaHHBix npe^nojioaceHHax cnpaBe^jiHBo cooTHoineHne suppp C suppr, o3HaHaio- 
mee cymecTBOBaHHe (pyHKHHH P G C[0, 1] co cbohctbom P = P o R. BBe^eM b paccMOTpemie 
cpyHKHHio if> : [0, 1] —> [0, 1] BH,n;a 



^(-R(rr)) = / dR. 
J\o,x\r\A 



[o,x]nA 

Tor^a fljia bchkoto HH^exca i G {1, . . . ,N}, yzjoBjieTBopinomero HepaBeHCTBy d\ 7^ 0, HMeeT 

MeCTO TOJK^eCTBO 



(Vx G [R(oi), R(a i+1 )\) P{x) = p[ + d' r P 



ip(x) - fiRjoj)} 
di 



TaKxce HMeeT MecTo cjie^yioiirHH jierxo ycTaHaBjiHBaeMbiH Ha ochobc MeTo^a pacmenjieHHH (no 

TOHKaM H3JIOMa (pyHKHHH If) (paKT. 

3.1. IJycm'b A ecrrib o6neduHenue KoneuHoeo hucjici ompe3Koe. Tosda npu bcmkom 
i G {1,...,N} co ceoucmeoM d\ 7^ undeKc uuepuAiu 3adanHou na npocmpancmee 

o 

W2 [i2(cKi) , R(cti + i)] neadpamuHHou cfiopMU 



W{x)\i + \P( v{x) -* R(ai)Y )-{\y\ 2 )Xx) 



dx 



UMeem npu A — > +00 acuMnmomuKy N(djA)+0(l) ? sde nepe3 N(A) o6o3HOHen undetcc unepuxiu 

o 

3adaHH0U na npocmpancmee W^O, 1] KeadpamuHuou d)opMU 



y^ [ [\yf + \P-(\y\ 2 )')dx. 
Jo 



IloBTopHH c yneTOM yTBep>K^eHHH |3.1| paccy>K^eHHH H3 ^,0Ka3aTejibCTB yTBepjK^eHHii |||, Teo- 
peMa 4.2] h TeopeMBi 4.1 h 4.2], npHxo^HM k cjie^yromeMy cpaKry. 

3.2. Ilycmb A ecmt oGzeduncHue KoneuHoeo uucAa ompc3Koe. Toeda acuMnmomunu npu 
A — > ±00 cuumamwiix dhyuKVAiu N± co6cmecnHux 3hohchuu, 3adauu |§ 1 ( 1 )| ; |§ 1 (2)| uMewm eud 



3]| , gcte s± — nenpepuenue nepuoduuecKue d)yHKU\iu, a D — noAomcumeAbHoe peuienue ypae- 
nenufi |(2)| . B cAynae, Kozda KoneuHue aACMenmu na6opa {— ln((i; |^|)}^ 1 ne uMtwm o6m,ezo 
deAumeAH, i^ynKVAiu s± jieAJiwmcfi nocmosmnuMu. 

4. Pe3yjiBTaTBi , KacaiorrrHecH onncaHHoro b npe^rByryiHeM nyHKre cjiynaa c HMeiomHM 06- 
uxhh bh,ti; 3aMKHyTBiM MHOJKecTBOM A C [0, 1], 3aaBjieHBi b pa6oTe [^]. IIpe^,jio>KeHHBie b yxa- 
3aHHOH paGoTe flOKa3aTejibCTBa, o^Haxo, sbjijhotch ohih6ohhbimh, nocKOJibKy onnpaioTCii Ha 
cjie^;yiOHi;ee jierxo onpoBepraeMoe yTBepac^eHHe. 
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10 10 1 

Phc. 1 



4.1. ||, Lemma 3.1] Cuumamv^aji g5yHKii ) un N co6cmeeHHUx 3H(meHuu 3adaHU [§1(1 )j , |§ 1 (2' 
c noumu caMonodo6Hou R, Hey6ueawuu ) eu Henpepuenou caMonodo6Hou P u Mampui^eu zpanuu- 
hux ycJioeuu HeuMana U = — 1 npu ecex A ^ ydoejiemeopsiem uepaeencmey 



N 



N(A) < ^N(^<- A). 



,H,eiicTBHTejibHo, paccMOTpHM b KanecTBe P KaHTopoBy jiecTHnny c napaivreTpaMn caMono- 
flo6Ha N = 3, a x = a 2 = a 3 = 1/3, d' x = d' 3 = 1/2, d' 2 = 0, /3[ = 0, (3' 2 = /3' 3 = 1/2, a 
b KanecTBe R — pe3yjibTaT P^ HMeromero ^ocTaTOHHo Gojibhioh HOMep inara k HTepaTHBHoro 
noerpoeHHa toh ace KaHTopoBoft jiecTHHiibi, orapaBjiaioineroca OT (pymcniiH Pq(x) = x (cm. 
Phc. 1). CorjiacHO |§ 1.2.3] , npe^ejiaMH npn k — > oo nocjie^oBaTejibHOCTeii n-Tbix co6cTBeHHbix 



3HaneHHH {A nj fc}^ yKa3aHHbix 3a,nan sBjiaioTca BejmnnHbi 7r 2 (n — l) 2 . C ^pyrofi cTopoHbi, 
napaMeTpti iiohth caMoncfloGna: cpyHKnnn He3aBHCHMO ot Bbi6opa 3HaneHna: fcGN HMeioT 
bh^ d\ — d 3 = 1/3, d 2 — 0. CooTBeTCTBeHHo , BbinojiHHioinHeca npn k ^> 1 HepaBeHCTBa 

N(510) = 8>3 + l + 3 = N(85) + N(0) + N(85) 



oiipoBepraioT yTBep:>K,n;eHHe 

TaKiiM o6pa30M, npoGjieMy onncaHna cneKTpajibHbix acHMriTOTHK 3a,n;anH § 1 (1) , § 1 (2) ^jih 
npoH3BOjibHbix corjiacoBaHHbix nonrn caMono^;o6Hbix nap Mep cjie^yeT, no Been BeposTHOCTH , 

CHHTaTb OTKpBITOH. 

Abtop BBipa>KaeT npn3HaTejiBHocTB A. H. Ha3apoBy n H. A. IIIennaKy 3a n,eHHbie oGcyac- 

^eHHH. 
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